This paper presents the geometric setting of quantum variational principles and extends it to comprise the interaction between classical and quantum degrees of freedom. Euler-Poincaré reduction theory is applied to the Schrödinger, Heisenberg and Wigner-Moyal dynamics of pure states. This construction leads to new variational principles for the description of mixed quantum states. The corresponding momentum map properties are presented as they arise from the underlying unitary symmetries. Finally, certain semidirect-product group structures are shown to produce new variational principles for Dirac's interaction picture and the equations of hybrid classical-quantum dynamics.
Introduction
After Kibble's investigation [27] of the geometric properties of quantum state spaces, geometric formulations of quantum dynamics have been attracting much attention over the last decades [3, 4, 6, 7, 8, 13, 14, 15, 18, 21, 34, 39, 26, 42] . In turn, geometric quantum dynamics has opened several modern perspectives: for example, Fubini-Study geodesics have been introduced in Grover's quantum search algorithms [33, 45] and in time-optimal quantum control [10, 11, 16] , while the holonomy features arising from the quantum geometric phase [1, 7] and its non-Abelian extensions [2, 14] have been proposed in quantum computation algorithms [22, 31, 40] .
Most approaches deal with pure quantum states and involve the geometry of the Hopf fibration
where S(H ) denotes the unit sphere in a complex Hilbert space H (so that ψ ∈ S(H ) is a unit vector in H ), while PH is the corresponding projective space containing the projections ρ ψ := ψψ † . The geometry of the above Hopf bundle is well known and has been widely studied in the finite dimensional case H = C n , although some studies extend to consider infinite-dimensional Hilbert spaces [13] . In the finite dimensional case, one can emphasize the symmetry properties of the Hopf bundle by writing
The interplay between the geometry of the Hopf bundle and its symmetries is the basis of geometric quantum dynamics. For example, the emergence of principal bundles leads to the usual horizontalvertical decomposition in terms of a principal connection that is strictly related to Berry's geometric phase. This is a beautiful picture, whose symplectic Hamiltonian properties have been widely investigated after Kibble's work [27] .
In this paper, we aim to present how this geometric framework emerges naturally from the unitary symmetry properties of quantum variational principles. Time-dependent variational approaches have been most successful in chemical physics (here, we recall the celebrated Car-Parrinello model in molecular dynamics [9] ). The most fundamental quantum variational principle is probably due to Dirac and Frenkel (DF) [17, 19] . This action principle produces Schrödinger equation i ψ = Hψ as the Euler-Lagrange equation associated to and Im A|B = iA, B . Various properties of the variational principle above have been studied over the decades [30, 28, 36] , after it was first proposed in the context of Hartree-Fock mean field theories. For example, it is known that the DF action principle is simply the quantum correspondent of the classical Hamilton's principle on phase space δ t 2 t 1 p ·q − H(q, p) dt = 0, so that ψ, idψ acquires the meaning of canonical one form on H (analogously, p · dq is the canonical one form in classical mechanics). However, to our knowledge, an investigation of the geometric symmetry properties of quantum variational principles has not been carried out. Although an early attempt was proposed in [28] , the emergence of the Hopf bundle in this context has not been presented so far. For example, the momentum maps associated to quantum variational principles have never been considered in the literature, while they are essential geometric features often associated to fundamental physical quantities. Even in the simplest situation, the phase invariance of quantum Lagrangians produces the momentum map identifying the total quantum probability ψ 2 .
The present work applies well known techniques in the theory of geometric mechanics [32] , which focus on the symmetry properties of the dynamics. For example, momentum map structures are seen to emerge: some are new, while others are related to the principal connections associated to quantum geometric phases. Within geometric mechanics, we shall be using the specific tool of EulerPoincaré theory [24] that typically applies to variational principles with symmetry. As we shall see, besides recovering well known relations, these theory allows us to formulate new variational principles for various quantum descriptions, such as the Liouville-Von Neumann equation, Heisenberg dynamics, Moyal-Wigner formulation on phase space and the Ehrenfest theorem for the evolution of expectation values. Some of these descriptions of quantum mechanics have been lacking a variational structure, which is now provided in this paper for the first time. Here, we shall not dwell upon various complications that may emerge in infinite dimensional Hilbert spaces H and we assume convergence where necessary. When convenient, we shall consider dynamics on finite dimensional spaces and rely on the possibility of extending the results to the infinite dimensional case.
Euler-Poincaré variational principles in the Schrödinger picture
This section presents the Euler-Poincaré formulation of quantum dynamics in the Schrödinger picture. Two main examples are considered: the Schrödinger equation as it arises from the Dirac-Frenkel theory and the Fubini-Study geodesics. Their geometric features will be analyzed in terms of momentum maps.
Euler-Poincaré reduction for pure quantum states
Upon denoting by TH the tangent bundle of the Hilbert space H , consider a generic Lagrangian
so that the assumption of quantum evolution restricts ψ to evolve under the action of that unitary group U (H ), that is
where ψ 0 is some initial condition, whose normalization is ordinarily chosen such that ψ 0 2 = 1. Then, ψ 0 ∈ S(H ) implies ψ(t) ∈ S(H ) at all times.
The relation (3) takes the Lagrangian L(ψ,ψ) to a Lagrangian of the type L ψ 0 (U,U ), which then produces Euler-Lagrange equations for the Lagrangian coordinate U ∈ U (H ). Moreover, by following Euler-Poincaré theory [24] , one denotes by u(H ) the Lie algebra of skew Hermitian operators and defines
Sinceψ = ξψ, one obtains the reduced Lagrangian
and the Euler-Poincaré variational principle
Then, upon computing
where η := (δU )U −1 , one obtains the following result.
Theorem 1 Consider the variational principle (4) with the auxiliary equationψ = ξψ and the variations (5), where η is arbitrary and vanishes at the endpoints. This variational principle is equivalent to the equations of motion
Here, we use the ordinary definition of variational derivative
for any function(al) F ∈ C ∞ (M ) on the manifold M . In typical situations, the reduced Lagrangian is quadratic in ψ, so that the U (1)-invariance under phase transformations takes the dynamics to the projective space PH . Indeed, as we shall see, the reduced Lagrangian ℓ(ξ, ψ) can be written typically in terms of the projection ρ ψ = ψψ † to produce a new Lagrangian
In this case, a direct calculation shows that
and the previous theorem specializes as follows Theorem 2 Consider the variational principle δ
l(ξ, ρ ψ ) dt = 0 with the relations (7) and δξ = η + [η, ξ], where η is arbitrary and vanishes at the endpoints. This variational principle is equivalent to the equations of motion
Then, the unitary symmetry properties of the Lagrangian naturally take the evolution to the correct quantum state space (for pure states), that is the projective space PH . In the following sections, we shall specialize this construction to two particular examples and we shall present the momentum map properties of the underlying geometry as well as their relation to the usual principal connections appearing in the literature.
Dirac-Frenkel variational principle
It is easy to see that upon following the construction from the previous section, the DF Lagrangian
produces the Euler-Poincaré variational principle
For simplicity, here we are considering a time-independent Hamiltonian operator H. Then, upon computing
the first of (6) yields
Upon setting H = C n and making use of the anticommutator bracket {A, B} = AB + BA, the solution of the above equation can be written as
for an arbitrary time-dependent skew Hermitian matrix κ(t). The meaning of this solution will be clear in Section 2.5. In the Schrödinger picture, the relation (11) recovers the usual phase arbitrariness, as it is shown by simply using the second in (6) to write
where α(t) := 2 iρ ψ , κ (notice that we have chosen a unit initial vector so that ψ 0 2 = ψ 2 = 1). In the above equation, the term αψ generates an arbitrary phase factor. Then, equation (12) can be easily written in the form of a projective Schrödinger equation [27] (1 − ψψ † )(i ψ − Hψ) = 0 , which can be recovered from the constrained DF Lagrangian [36] L(ψ,ψ, λ,λ) = ψ, i ψ − Hψ + λ( ψ 2 − 1) .
As we shall see, the right hand side of (11) modifies the usual Heisenberg picture dynamics.
Mixed states dynamics and its Wigner-Moyal formulation
It is easy to see that all the phase terms in the previous section are consistently projected out by simply defining the Lagrangian l(ξ, ρ ψ ) = ρ ψ , i ξ − H so that the first of (8) reads [(i ξ − H), ρ ψ ] = 0 and the second recovers the quantum Liouville equation for pure states.
In the remainder of this section we shall generalise the previous approach to consider a new variational principle for mixed quantum states. Let us consider the Lagrangian
where ξ =U U −1 as before, while ρ is a density matrix undergoing unitary evolution ρ(t) = U ρ 0 U † . In the case of mixed states, we have ρ 2 = ρ although the trace invariants Tr(ρ n ) are still preserved. We notice that a simple computation yields
and therefore the application of Euler-Poincaré theory is straightforward. Then, one obtains precisely the same equations as in (8) (upon replacing ρ ψ by ρ), which in turn give
At this point the Liouville-Von Neumann equation
is obtained by direct substitution. Notice that the solution of the first equation in (16) differs from (11), since ρ 2 = ρ. For example, one has particular solutions of the form i ξ − H = n α n ρ n . This reflects the very different geometric structures underlying mixed states and pure states. For a geometric description of mixed states in terms of coadjoint orbits and orthogonal frame bundles, we refer the reader to [34] . We emphasize that the action principle associated to the Lagrangian (14) is very different from the one proposed in [23] and to our knowledge it has not appeared before.
Motivated by applications in chemical physics, we show how the above variational principle recovers the celebrated Wigner-Moyal picture of quantum dynamics on phase space. This formulation [35, 43] is based on the Weyl correspondence between linear operators and phase space functions (see e.g. [44] ). For simplicity, this section presents the Euler-Poincaré formulation on the two-dimensional phase space (one spatial dimension), however this can be easily generalized to higher dimensions.
Consider an arbitrary linear operator A ∈ L(H ): the corresponding phase-space function is given by the Wigner transform a(x, p) = W(A) and the latter can be inverted by using the Weyl transform, A = W −1 (a). More explicitly, one has
Then, the Moyal bracket (see [35, 44] for its explicit definition) is defined in such a way that the commutator between two quantum operators is taken into the Moyal bracket of the corresponding phase space functions, that is [44] 
At this point, one can express the Lagrangian (14) in terms of phase space functions. Indeed, upon defining the Wigner distribution W (x, p) = W(ρ) and by replacing the inverse relation ρ = W −1 (W ) in (14) one obtains the equivalent variational principle on phase space
where we have defined H(x, p) = W(H) and Υ(x, p) := W(iξ). Then, upon recalling the relations (15) and the first in (5), one computes
where Θ := W(iη), and the Euler-Poincaré variational principle (17) gives
Again, we notice that the variational principle (17) has never appeared before in the literature and it is very different from other approaches proposed earlier, such as [37] . In particular, the variational principle (17) is entirely derived from the Dirac-Frenkel Lagrangian and no assumption has been made other than unitary evolution.
Geodesics on the space of quantum states
Fubini-Study geodesics on P C n are used in various situations of quantum mechanics. Their applications in quantum search algorithms [33, 45] , time-optimal control problems [10, 11, 16] and holonomic quantum computation [22, 31, 40] emphasizes their importance and makes this example especially interesting. In the general case, geodesics are optimal curves in the sense that they minimize the distance between two quantum states.
The Fubini-Study geodesics are defined as geodesic equations on PH minimizing the the FubiniStudy distance. These geodesic flows can be written explicitly as Euler-Lagrange equations associated to the action principle δ
More explicitly, lengthy computations yield
Notice that this approach does not involve normalized vectors in H . However, a simple way to recover normalization is to use a constrained Lagrangian such as that in (13). Application of the Euler-Poincaré theory to Fubini-Study geodesics can be performed again by following the procedure outlined in Section 2, without modifications. Then, upon recalling that ξ 2 is Hermitian, one obtains the reduced Lagrangian (set = 1, for convenience)
Notice that we recover the well known relation l(ξ,
, where we have introduced the energy operator E = iξ and we have used the standard expectation value notation. Then, upon replacing the variational derivatives
in equations (8), standard matrix computations give
where the first emphasizes the following conservation form of the Fubini-Study geodesic equation
as it arises from the left-invariance of the Lagrangian (18) (see e.g. [5] ). Notice that applying the above conservation law to ψ and writing ψ|ψ = i iψ,ψ yields ψ − ψ |ψ ψ = 2i iψ,ψ ψ + 2 ψ|ψ ψ + ψ |ψ ψ and since ψ |ψ = − ψ|ψ , expanding iψ,ψ leads to
This geodesic flow can be also recovered as an Euler-Lagrange equation by adding a normalisation constraint λ( ψ 2 − 1) to the Lagrangian (18) (cf. the constrained DF Lagrangian (13)). Geodesic flows on the quantum state space have always raised questions concerning their underlying geometric properties [3, 42] . For example, in holonomic quantum computing, a fundamental role is played by the connection form ψ|ψ , whose loop integral defines the celebrated geometric phase. In addition, connection forms also allow the usual horizontal/vertical decomposition on the Hopf bundle. In geometric mechanics, this decomposition can be performed by using a more sophisticated theory than Euler-Poincaré reduction. This is called Lagrange-Poincaré reduction [12] and it was recently formulated in the context of homogeneous spaces (arising from symmetry breaking) in [20] . Without entering the technicalities of Lagrange-Poincaré reduction, we shall only mention that this theory often takes advantage of a particular connection form that appears to have a precise physical meaning in many different cases: this is called the mechanical connection and it is defined in terms of a momentum map, another fundamental object in geometric mechanics. This is the topic of the next section.
Momentum maps of quantum variational principles
The first momentum map one encounters in quantum mechanics is probably the density matrix for pure states [15] . More precisely, the action of the unitary group U (H ) on the quantum Hilbert space H (endowed with the symplectic form Ω(ψ 1 , ψ 2 ) = 2 iψ 1 , ψ 2 ) produces the momentum map
as it can be easy obtained by the general formula J(ψ), ξ = 1/2 Ω(ξψ, ψ) [32, 25] , holding for an arbitrary skew-hermitian operator ξ ∈ u(H ). Also, restricting to consider phase transformations yields the total probability or, more precisely, the quantity J(ψ) = ψ 2 . Other than those above, other momentum map structures appear in geometric quantum dynamics and each correspond to different group actions and different reduction processes. It turns out that in quantum variational principles, the most important momentum map is associated to the action of the isotropy subgroup of the initial state. In order to explain this statement, let us replace the relation (3) in a Lagrangian of the type (2) and observe that this produces a Lagrangian L :
Although, this Lagrangian is not symmetric under right multiplication, i.e.
the invariance property is recovered by restricting to the isotropy group of ψ 0 , that is
Indeed, one evidently has
and one may choose the initial vector ψ 0 to coincide with the basis vector ψ 0 = (0 . . . 0 1) † .
Remark 1 (Analogy with the heavy top dynamics) We observe that the argument above holds in a wide range of situations, including, for example, the Lagrangian reduction for the heavy top dynamics [20] . In that context, the unitary group is replaced by the rotation group SO(3) and the isotropy symmetry is defined to preserve the gravity vector, thereby leading to planar rotations in SO (2) . The Noether's conserved quantity (i.e. the momentum map) is then the vertical angular momentum.
At this point, it is natural to ask what the momentum map is for the reduction of quantum variational principles. More particularly, we look for the momentum map associated to (the cotangent lift of) the right action of U ψ 0 (H ) on the cotangent bundle T * U (H ). In the general case, it has recently been shown [20] that the momentum map for the right action of a subgroup G 0 ⊂ G on (the trivialisation of) the cotangent bundle
where (g, µ) ∈ G × g * , Ad * g µ = g † µg − † is the standard matrix coadjoint representation and ι * is the dual of the Lie algebra inclusion ι : g 0 ֒→ g. To simplify the treatment, set H = C n and choose ψ 0 = (0 . . . 0 1) † without loss of generality. Then,
The corresponding Lie algebra inclusion ι :
, that is the standard projection on the upper left block. This result is independent of the number of dimensions and it leads to the following momentum map:
where we have simply rewritten (23) by replacing the formula for ι * . Here, we recall iρ ψ 0 = Ad * U (iρ ψ ), from the definition ρ ψ := ψψ † = U ρ ψ 0 U −1 . Therefore, because of the symmetry property (22) possessed by any Lagrangian of the type (2), the corresponding Euler-Poincaré equations (6) conserve J 1 (U, δℓ/δξ). More particularly, one shows that any quantum system with an arbitrary Lagrangian of the type (21) produces dynamics on the zero-level set of J 1 . This is easily shown by using the relation L(ψ,ψ) = L(ψ, ξψ) =: ℓ(ξ, ψ), so that
thereby verifying J 1 (U, δℓ/δξ) ≡ 0. Now that we have characterised the momentum map associated to the action of U (n − 1), we recall that all physically relevant Lagrangians must be also phase invariant, so that they can be eventually written in terms of the projection ρ ψ = ψψ † ∈ PH . Therefore, the most general symmetry group of the Lagrangian (21) has to include phase transformations and this leads us to consider the direct product U (n − 1) × U (1). The latter can be embedded in U (n) by the inclusion
where the minus sign in the exponent is of purely conventional nature. Since the momentum map associated to U (n − 1) has already been presented in (25), we need to compute only the momentum map associated to the group U (1) ⊂ U (n), endowed with the group inclusion
Upon computing the dual of the corresponding Lie algebra inclusion ι(α) = −iαρ ψ 0 ∈ u(n) and by identifying u(1) ≃ R, one has the momentum map formula
Any quantum system with an arbitrary Lagrangian of the type (21) takes the above momentum map to the form
as it is easily shown by using the relation (26) . Here, the momentum map J : T * S(C n ) → R arises from the action of U (1) (notice that we idenitified u(1) ≃ R) on the cotangent bundle T * S(C n ). For example, the DF Lagrangian yields J (ψ, δL/δψ) = ψ 2 , while one verifies that the FS Lagrangian (18) makes J vanish identically.
In more generality, the momentum map corresponding to the action of the full symmetry group
Therefore, because of the symmetry property (22) possessed by any phase-invariant Lagrangian of the type (2), the corresponding Euler-Poincaré quantum dynamics (8) conserves the momentum map J 2 and lies on the kernel of J 1 .
Remark 2 (Phases and U (1)−actions) Notice that this section has used a U (1)−action that is different from usual phase transformations. Indeed, while the latter act on vectors by the diagonal action ψ → e −iϑ ψ, the U (1)−action used in this section reads ψ → (1 − ρ ψ 0 + e −iϕ ρ ψ 0 )ψ. However, usual phase transformations (denoted by U d (1) to emphasise the diagonal action) are a subgroup of U (n − 1) × U (1), as it is given by the inclusion
Therefore, our treatment naturally includes the ordinary phase transformations, whose corresponding momentum map is given by
The momentum maps provided in this Section are of paramount importance in geometric quantum dynamics, as they incorporate essential geometric properties. For example, it is interesting to notice that the momentum maps (25) and (30) can be used to define connection forms, respectively on the bundles U (n) → S(C n ) and U (n) → PC n , as they are given in (1). These connection forms are obtained by applying Lagrange-Poincaré reduction for symmetry breaking and we refer the reader to [20] for more details on this topic. In the particular case under consideration, one identifies u(k) * ≃ u(k) so that the dual of the inclusion ι * : u(n) * → u(n − 1) * determines a projection P : u(n) → u(n − 1), which in turn can be used to define the mechanical connection A(U ) = P(Ad
An analogous construction yields a connection on the bundle U (n) → PC n , given by A(U ) = (1 − ρ ψ 0 )(Ad U −1 ξ)(1 − ρ ψ 0 ) + i Ad U −1 ξ | ρ ψ 0 ρ ψ 0 . Also, it is well known that A(ψ) = ψ, iψ is a principal connection on the Hopf bundle S(C n ) → PC n . Then, the momentum maps presented in this section generate a connection form on each bundle of the diagram below. The study of these connection forms and their curvatures is left for future work.
The arguments in this Section clarify the meaning of equation (11) . Indeed, the latter can be interpreted as simply saying that the infinitesimal generator ξ ∈ u(n) (or, equivalently, the Hamiltonian operator H) is defined only up to an element of the isotropy subalgebra u(n − 1) × u(1). This can be made explicit upon introducing (κ 0 , α 0 ) ∈ u(n−1)×u(1) such that {1−2ρ ψ , κ} = (1 − ρ ψ )κ 0 (1 − ρ ψ )+ iα 0 ρ ψ . Although computingψ = ξψ returns the usual phase arbitrariness, as shown in equation (12) , the relation (11) discloses a rich geometry content underlying quantum evolution. Indeed, it reminds that the propagator of quantum dynamics is defined up to elements of U (n − 1) × U (1) (not only up to phases in U (1)), which is actually a non Abelian symmetry group (unlike phase transformations). As we shall see in the next Section, this argument accounts for propagators that depend on the initial quantum state ψ 0 .
The Heisenberg and Dirac pictures
While the previous sections mainly dealt with the Schrödinger picture of quantum mechanics, the Heisenberg picture is rather unexplored in the geometry of quantum evolution. For example, one is interested in the role of projection operators, as they emerge from the projective geometry of the quantum state space in the Schrödinger picture. We shall consider the Heisenberg picture for the DF Lagrangian and the Fubini-Study geodesics.
Euler-Poincaré reduction in the Heisenberg picture
Most of this Section is devoted to the Heisenberg picture for the DF Lagrangian. It is easy to see that (9) can be written in the Heisenberg picture by introducing
Indeed, with these definitions, the Lagrangian (9) becomes
(with η H := U −1 δU ), inserting the Lagrangian (31) in the variational principle t 2 t 1 l(ξ H , H H ) dt = 0 yields the following Euler-Poincaré equations:
At this point, we observe that although the above relation is satisfied by i ξ H − H H = α1 (so that the Heisenberg Hamiltonian H H is defined up to a phase factor α), more general solutions are present such as
(κ being arbitrary and skew Hermitian, see equation (11)). These solutions have the property of depending on the initial state ψ 0 . Upon setting H = C n for simplicity, one may choose ψ 0 = (0 . . . 0 1) † without loss of generality. Interestingly enough, these more general solutions lead to the unfamiliar equationḢ
so that the Hamiltonian operator H H is not conserved in the general case. Although this may seem surprising, we observe that the above dynamics does not change the physics of the system under consideration. For example, we observe that the total energy is preserved:
as shown by a direct verification. Moreover, one realizes that the above dynamics of quantum Hamiltonians returns exactly the Schrödinger equation (12): indeed, one has
so that, recalling ψ = U ψ 0 and applying U on both sides returns (12) . Notice that it is indeed essential that ρ ψ 0 identifies the initial quantum state. We conclude that the physical content is unaltered by the Heisenberg equation (35) , which in turn generalizes the standard Heisenberg dynamics (recovered by κ = 0) to incorporate the geometry of quantum dynamics. As a practical example, we consider spin dynamics in the Heisenberg picture. In this case, the Hamiltonian reads H H = n · S H , where S H (t) = U (t) −1 SU (t) in standard spin operator notation. The DF Lagrangian (9) is written in the Heisenberg picture as l(ξ H , S H ) = ρ ψ 0 , i ξ H − n · S H , so that the Euler-Poincaré equations
Notice that this approach can be applied in the general case. For example, one can study linear oscillator dynamics by recalling the Hamiltonian H H = ωa † H a H and following precisely the same steps as above. The present approach leads to the following Heisenberg equation:
where κ is an arbitrary skew-symmetric operator and H H undergoes its own evolution (35) . In addition, equation (34) yields a new form of the propagator equatioṅ
It is necessary to point out that, since κ is an arbitrary skew-Hermitian matrix parameter, one can simply choose it in such a way that {1 − 2ρ ψ 0 , κ} = 0, thereby eliminating the dependence of the propagator on the initial conditions. A similar argument leads to eliminating phase terms in the Schrödinger equation (12) [27] .
In all this Section, we assumed the initial state is a pure state ψ 0 . If this is not the case, then different solutions of the type ξ H = −i −1 H H + κ (with [κ, ρ 0 ] = 0) are allowed by equation (33) , because in this case ρ ψ 0 is replaced by a density matrix ρ 0 = ρ 2 0 . The Heisenberg picture is particularly natural for the description of FS geodesics. Indeed, while in the Schrödinger picture the right unitary symmetry is broken by ρ ψ , in the Heisenberg picture one may use the full left symmetry of the Lagrangian (18) , that is L(ψ,ψ) = L(U −1 ψ, U −1ψ ). Upon recalling (3) and by setting = 1 for convenience, one obtains the Euler-Poincaré Lagrangian
Then, upon using the first of (7), the variational principle
which reflects all the properties already discussed in Section 2.4
Dirac-Frenkel Lagrangian in the Dirac picture
This section extends the arguments from the previous Sections to formulate a new variational principle for quantum dynamics in the Dirac (interaction) picture. As we shall see, the Euler-Poincaré construction involves the semidirect product of the unitary group with itself.
In the Dirac picture, the Schrödinger Hamiltonian operator is split in two parts as H = H 0 + H 1 , where H 0 is typically a simple linear Hamiltonian, while H 1 usually contains nonlinear potential terms. This replacement can then be inserted in the DF Lagrangian (9) . However, it is convenient to keep track of the quantum state ψ s that is propagated by H 0 , such that i ψ s = H 0 ψ s (up to phase terms). Then, one is led to consider the following DF Lagrangian
Performing Euler-Poincaré reduction by replacing the evolution relation (3) on the first part yields the LagrangianL
with ρ ψ = U ρ ψ 0 U −1 and ξ :=U U −1 . At this point, the propagator associated to H 0 can be used to replace the evolution relation ψ s (t) = U 0 (t)ψ 0 in the second term, thereby leading to the EulerPoincaré Lagrangian
where ρψ 0 =ψ 0ψ † 0 and we have introduced the following definitions
In order to write the resulting equations of motion, we start by using the last two definitions in (40) to compute the variations
where η 0 = U 
that is the Lie algebra of the semidirect product group U 0 (H ) U (H ). Here, the group U 0 (H ) is a copy of the unitary group U (H ) and one thinks of U 0 (H ) as accounting for the propagators U 0 ∈ U 0 (H ).
Computation of the other variations by using (40) yields
so that the variational principle
) dt = 0 produces the following equations of motion for an arbitrary Lagrangian l:
d dt
Then, computing the variational derivatives of the Lagrangian (39) and replacing them into (42) and (43) gives
As seen in Section 3.1, the second relation above is solved by
so the second in (44) giveṡ
On the other hand, the first in (44) becomeṡ
Then, we notice that the choice κ = 0 returns the usual quantum dynamics in the Dirac picture. As we know from Section 3.1, the κ-terms do not change the overall physical content of the dynamics. For example, a direct calculation verifies the following energy conservations:
As we have seen, the application of Euler-Poincaré reduction theory reveals the geometric features emerging in the Heisenberg picture of quantum dynamics. These geometric features reveal the form (36) of the propagator equation, without affecting the physical content of quantum dynamics. When this form of the propagator equation is considered in the Dirac picture, this introduces extra terms in the dynamics, which still preserve the total energy of the system.
In the next Section, we shall formulate a new variational principle for the interaction of classical and quantum degrees of freedom.
Classical-quantum variational principles
The interplay of quantum and classical degrees of freedom has always attracted much attention in quantum mechanics. For example, the consistent formulation of hybrid quantum-classical models in molecular dynamics remains an outstanding issue [38] . In this section, we present a geometric formulation of the most elementary system coupling classical and quantum dynamics. This is given by combining the Ehrenfest equations for the expectation of the canonical variables with the Schrödinger/Liouville equation for the quantum degrees of freedom. More particularly, we shall present a novel variational principle for the Ehrenfest mean field model and in more generality for expectation value dynamics.
The classical-quantum mean field model
In order to approach the dynamics of quantum expectations, we observe that the mean field closure of any classical-quantum system can be derived in first instance by the following Lagrangian
where −J ij dz i ∧ dz j is the canonical symplectic form and H(z) is a Hermitian operator depending on the classical degrees of freedom z = (x, p). Indeed, the corresponding Euler-Lagrange equations yielḋ
thereby recovering the ordinary mean field model of classical-quantum dynamics (see e.g. equations (12.2)-(12.4) in [41] ). Here, purely classical dynamics is recovered by the phase type Hamiltonian H(z) = h(z)I (here, I denotes the identity operator on H ), while purely quantum dynamics is recovered when ∇ z H(z) = 0. An Euler-Poincaré formulation of the above equations can again be obtained by letting the quantum state evolve under unitary transformations. This leads to a coupled Euler-Lagrange equation for (z,ż) and the Euler-Poincaré equations for the quantum dynamics (expressed in terms of either ψ or its density matrix). However, in order to find a full set of Euler-Poincaré equations that includes the classical evolution, we may choose to evolve the phase-space vector z under the action of the Heisenberg group (i.e., phase-space translations), which is prominent in the theory of quantum coherent states. To this purpose, consider a curve h(t) = (h(t), ϕ(t)) in the Heisenberg group H(R 2n ) ≃ R 2n+1 and let the phase space vector z evolve as
Also, we recall ψ(t) = U (t)ψ 0 . Then, upon inserting the auxiliary phase factor ϕ in the Lagrangian (45), the latter becomes
The above Lagrangian is of the type
and its dynamics can be approached by Euler-Poincaré reduction. Therefore, in order to find an expression for the reduced variable ζ :=ḣh −1 , we define the Lie algebra element
where g(s) = (g(s), ϑ(s)) ∈ H(R 2n ) is a curve such that g(0) = h and g ′ (0) =ḣ (for some fixed time).
Here, we recall the Heisenberg group operation
which gives h −1 = (−h, −ϕ). Eventually, one finds
so that the Euler-Poincaré Lagrangian is written as
where we have used the convenient initial condition z 0 = 0 in (47), without loss of generality. Notice, this Lagrangian is of the type
Then, the Euler-Poincaré equations follow in the theorem below, upon recalling the infinitesimal adjoint representation
in the Heisenberg Lie algebra h(R 2n ). The present treatment is now extended to the case of mixed quantum states.
Theorem 3 Consider the variational principle
and the variations
where (γ, θ) and η are arbitrary and vanish at the endpoints. Together with the auxiliary equationṡ
this variational principle is equivalent to the equations of motioṅ
Proof. Consider the general Lagrangian of the form ℓ(ζ, φ, ξ, z, ρ ψ ). By direct substitution of the variations into the variational principle
one writes the Euler-Poincaré equations as
In particular, for the Lagrangian (49), we have
such that the Euler-Poincaré equations yield
thereby completeing the proof. The observation that hybrid classical-quantum dynamics can be expressed by using the Heisenberg and unitary groups motivates us to investigate further the interplay between these two symmetry structures. The next Section shows that combining the two groups into a semidirect product yields the variational formulation of quantum expectation dynamics.
The semidirect product H(R 2n ) U(H )
While the previous Section used the direct product H(R 2n ) × U (H ) group structure to obtain hybrid classical-quantum dynamics, we shall now illustrate how constructing the semidirect product H(R 2n ) U (H ) allows to shed new light on the dynamics of expectation values, thereby extending Ehrenfest theorem to more general situations. The semidirect product H(R 2n ) U (H ) can be constructed upon using the celebrated displacement operator from the theory of coherent quantum states. This is defined as follows
where the phase space vector h ∈ R 2n is expressed as h = (h q , h p ). This operator defines a group homomorphism that can be used to construct the following product rule in H(R 2n ) U (H ):
where h 1 h 2 is the product rule in the Heisenberg group, already defined in (48). Notice, upon denoting Z = (Q, P ) (quantum canonical operators), the displacement operator U h leads to the following Lie algebra homomorphism ι :
which occurs in the Lie bracket structure on h(R 2n ) u(H ), given by
where the operator 'ad' appearing in the first slot on the RHS is the infinitesimal adjoint action on h(R 2n ), as it was defined in (50). No confusion should arise from this notation. In order to construct a dynamical theory by using the group structure above in the Lagrangian (45), we need to find an action of H(R 2n ) U (H ) on the space R 2n × S(H ). This task can be achieved by computing the coadjoint representation on the semidirect product. This computation can benefit from the following property.
Lemma 4 (Equivariance) With the notation above, the following relations hold
where I is the identity operator on H and Ad h ζ = (ζ, φ + h · Jζ) is the adjoint representation on H(R 2n ).
Proof. The first relation is easily proved by a direct verification. The first component reads as follows:
Similarly, the second component reads
Combining both components proves the first relation in the lemma. The second relation follows by direct substitution
thereby completing the proof. Eventually, by making use of the previous relations in the definition of coadjoint representation, one finds the following expression:
The evolution above has the following crucial feature:
as it is verified upon computing
Therefore, in order to study expectation value dynamics, one can simply initiate the evolution under the initial condition z 0 = Z | ρ ψ 0 , which is then replaced in (52). Moreover, the evolution above, produces the equations of motioṅ
where ζ =ḣ and ξ = U hU U † U † h . Analogous expressions hold for the variations (δz, δρ). At this point, we consider the Euler-Poincaré Lagrangian of the classical-quantum mean field model (49). Although that was written previously on the space (h(R 2n ) ⊕ u(H )) × (R 2n × PH ), we now change perspective and we interpret the same expression (49) for ℓ(ζ, φ, ξ, z, ρ ψ ) as a Lagrangian of the type
Notice that the Hamiltonian operator H(z) depends on the classical variable z, which has to be interpreted as the expectation value Z|ρ ψ . This amounts to consider quantum systems for which the total energy can be written in terms of both the quantum state ρ ψ and its corresponding expectation values z = Z|ρ ψ . (Notice that this is a very general case, as it shown by considering the kinetic energy expression
Theorem 5 Consider the Lagrangian (49) and its associated variational principle for mixed quantum states
where γ, θ and η are arbitrary and vanish at the endpoints. Then, this is equivalent to the following equations of motionż
Proof. This follows by a direct subsistution of the variations in the action principle. Then, since γ, θ and η are arbitrary and vanish at the endpoints, the proof follows.
In order to understand how the above result is related to the usual Ehrenfest equations for quantum expectation dynamics, we immediately observe how these equations (53)- (54) are recovered (along with the evolution of ρ) in the case when ∇ z H(z) = 0. As it was pointed out previously, the new feature of equations (53)- (54) lies in the fact that the expectation values have been considered as independent variables already occurring in the expression of the conserved total energy H(z) . This confers the system (53)-(54) a hybrid classical-quantum structure. Indeed, one observes that new coupled classical-quantum terms appear in Ehrenfest dynamics: these are the first term on the RHS of (53) and the second term on the RHS of (54). Notice, the first term on the RHS of (53) does not involve the quantum scales given by . For example, a purely classical system is given by a quantum phase-type Hamiltonian operator of the form H(z) = h(z)1, where h(z) is the classical expression of the Hamiltonian. In this case, while equation (53) recovers classical Hamilton's equations, the quantum evolution (54) specializes to coherent state dynamics of the type i ρ = ∇ z h · [Z, ρ] .
This establishes how quantum states evolve under the action of purely classical degrees of freedom, thereby enlightening the interplay between classical and quantum dynamics. The same equation can also be obtained by linearizing the quantum Hamiltonian operator H(Z) around the expectation values (i.e. in the limit Z → zI), as prescribed by Littlejohn's nearby orbit approximation for semiclassical mechanics [29] .
Conclusions
This paper investigated the geometric symmetry properties of quantum and classical-quantum variational principles. Upon departing from the Dirac-Frenkel Lagrangian, different quantum mechanics pictures were recovered from the same variational principle, upon making extensive use of EulerPoincaré theory. This reduction by symmetry naturally leads to consider the Hopf bundle as the natural setting for the Schrödinger picture of pure state dynamics, as already proposed by Kibble [27] . In addition, new variational principles were presented for mixed state dynamics in both the density matrix and the Wigner-Moyal formulation. Later, new quantum variational principles were also presented for the Heisenberg and Dirac's interaction pictures of quantum dynamics, where the isotropies of the initial state was shown to possess the same role as phases in the Schrödinger picture.
In particular, Dirac's interaction picture involves the geometric semidirect product structure of two different unitary groups associated to the different quantum propagators arising from the splitting of the Hamiltonian operator.
In the last part of the paper, the Dirac-Frenkel Lagrangian was augmented to account for classical degrees of freedom, incorporating the dynamics of classical motion in hybrid classical-quantum dynamics. As a first step, the mean field model of classical-quantum dynamics was described by using the direct product of the Heisenberg group H(R 2n ) (governing classical evolution) and the unitary group U (H ) (governing quantum evolution). Later, Ehrenfest's expectation value dynamics was shown to arise from a novel set of equations, whose dynamics evolves both expectation values and the quantum density matrix under the action of the semidirect product H(R 2n ) U (H ), whose group and Lie algebra structures were presented. In this context, purely classical dynamics was shown to arise by using Littlejohn's nearby orbit approximation [29] .
